The force-coupling method (FCM) developed by Maxey and Patel (2001) was modified and applied to trace the trajectories of spherical bubbles with solid-like and slip surfaces. Careful comparison was made to the experimental results of Takemura et al. (2000, 2002a, 2002b). First, the result obtained by use of the original version of the FCM was compared to the experimental results. It was found that the original FCM was not feasible for tracing spherical bubble trajectories. Then, a correction was made to the FCM calculation of the bubble velocity by renormalization in terms of the bubble Reynolds number, which could very well trace the trajectory of the bubble with a solid-like, no-slip surface, but not that of a bubble with a slip surface. Finally, a substantial correction was made to the monopole term of the FCM, which could trace the trajectory of a bubble with a solid-like or slip surface very well even for the Reynolds number up to 20.
applications, such as drag reduction of pipe flow or boundary layer flow [1] and cleaning of hydrophobic substances [2] . Regarding nanobubble flow, however, the experimental study remains in the early stages, because optical detection of sub-microscale particles is difficult and the method of nanobubble generation has not been well established.
Theoretical and numerical studies of microbubble and nanobubble flows are on the other hand very retarded because numerical calculation of such flows requires a significant computational load. An appropriate numerical method has not been found in spite of many methods proposed so far. Such methods include the volume of fluid method (VOF) [3] , the discrete element method (DEM) [4] , and the immersed boundary method (IBM) [5] . VOF is based on the fractional volume of the fluid, and has been shown to be more flexible and efficient than the other methods for treating complicated free boundary configurations. Consequently, the calculation cost becomes very large for reducing the numerical error due to an increased number of volume elements. DEM tracks individual particle motion at every instant based on the momentum equation [6] . Although the interaction between a particle and fluid is included in DEM, this method cannot be applied to the liquid fluid including air bubbles because the mass of a bubble is too small. IBM was proposed by Peskin [5] and has been developed by many authors to solve the fluid motion including solid particles. In IBM, the boundary condition on the particle surface is satisfied by applying an appropriate volume force. However, IBM cannot be used to solve particle-liquid flow in which particle density is less than 0.3 times that of the liquid [7] .
The force-coupling method (FCM) originally proposed by Maxey and Patel [8] does not require moving boundaries to satisfy the precise boundary conditions on the particle surfaces involved. Instead of that it introduces the body force from the particle to the surrounding fluid in the Navier-Stokes equations.
It is noteworthy that FCM can calculate fluid motion including particles with a relatively small computational load in the case of water including air bubbles [9] .
However, the accuracy of the FCM concerning the trajectories of bubbles has not been investigated yet by comparison with experimental results.
Note that there exist a few experimental studies on the bubble motion in the quiescent fluid. Takemura et al. [10] [11] published their experimental results on the motion of bubbles near a wall. They used an experimental device capable of simultaneously measuring the velocity and diameter of a rising bubble in fluid, while a microscope camera moved upward with this bubble near the vertical wall. They measured the motion of a spherical air bubble with a slip boundary in silicone oil, as well as the lift force acting on the bubble in the direction away from the wall. In order to examine the terminal velocity (or drag) and the lift force, they proposed theoretical formulas by modifying the analysis of Vasseur and Cox [12] , and compared them with their experimental results. Then, in the [13] , they measured the lift force acting on the bubble in the direction away from the wall when the bubble surface was like a solid sphere by adding surfactant in-Open Journal of Fluid Dynamics to water to induce the Marangoni effect [14] . A theoretical formula for the lift force was also proposed in a similar manner to the slip boundary case and compared with their experimental results. Although they found good agreement between the theoretical formulas and the experimental results, the validity was limited in the range of small Reynolds numbers (<1) and the formulas were only applicable to the asymptotic values of the terminal velocity and lift force. To the best of the authors' knowledge, there is no practical simulation method for precisely calculating the trajectory of a rising bubble near a wall or the fluid motion around such a bubble.
In the present paper, we proposed corrections to the original FCM in order to trace the trajectories of spherical bubbles with no-slip and slip surfaces. The bubble with a no-slip surface or a slip surface will be called the no-slip bubble or the slip bubble, respectively, henceforth in this paper. Then, we compared the results of the numerical simulation with the experimental results of Takemura et al. [10] [11] [13] . We used the same kinematic viscosity of the fluid and bubble radius over a wide range of the Reynolds number (<20) to confirm the validity of our new theory. This study gives a new method to elucidate the mechanism of the lift force generation from the vertical wall, and accurately predicting the motion of a bubble. This work is the first step in the simulation method to calculate fluid motion including many bubbles.
Original Force-Coupling Method
In the original version of the FCM, the incompressible Navier-Stokes equations with a force term representing the interaction with bubble,
and the equation of continuity, 
, , ,
where 1, 2, 3 i = indicate the , , x y z -direction components, respectively.
f consists of two parts, the force monopole term (FMT, the first term on the right-hand side of Equation (3)) and the force dipole term (FDT, the second term on the right-hand side of Equation (3)). Here, i x is the spatial position vector in the fluid, and
is the position vector of the center of the n-th bub-
according to [8] FMT represents the reaction to the drag force acting on the bubble due to the influence of its translational motion.
F is the force acting on the fluid from the n-th bubble, which in the original FCM [9] was given by
where b ρ is the density of the bubble. The velocity of the n-th bubble,
given by the following equation in terms of the Gaussian distribution function.
which means that the bubble moves with the fluid velocity averaged nearly over the bubble region.
FDT represents the influence of the velocity gradient around the bubble, where
is the sum of two parts, an antisymmetric part,
T , and a symmetric part,
represents the torque on the fluid from the bubbles and is given by the equation,
where ijk  is the Eddington's alternating sign tensor, and
is an external torque on the n-th bubble. The symmetric part, ( ) n ij S , represents a stresslet acting on the fluid and is given by the following equations for a no-slip bubble,
and for a slip bubble, 
is the rate of strain, which determined to satisfy the constraint,
for each bubble using an iteration method [15] [16] [17] . Equations (1)- (10) give the complete set of the governing equations for the system of the fluid and bubbles [8] [9] . The calculation procedure of the original FCM is summarized as follows: 1) Give the initial conditions. 2) Get
F from the initial conditions (Equation (6)).
3) Obtain the FMT from ( ) (4), and (6)).
4) Get
S , and
(Equations (5), (8), (9), and (10)).
5) Obtain the FDT from ( )
(Equations (5), (8), and (9)). 6) Acquire , b i f from the FMT and the FDT (Equation (3)). 7) Solve the Navier-Stokes equations including (1), and (2)). (2), (4), and (7)).
8) Obtain the bubble velocity
9) Solve the next-time step bubble position from
and t ∆ .
10) Return to
Step 2.
In the present paper, N was put to be 1, because we studied only a single bubble case, and the affix (n) will be deleted henceforth.
Correction of the FCM
FCM was originally developed for the fluid including solid particles. Therefore, the calculation results using the original version of FCM were first compared with the results by Takemura et al. [13] , where the bubble surface was like a solid sphere. The numerical results proved to agree well for small Reynolds numbers, but not very well for comparatively large Reynolds numbers. If the Reynolds number is about 10, the numerical value was about twice the experimental value. Then, the calculation results using the original version of FCM were compared with those obtained by Takemura et al. [10] [11], where the bubble surface was slip. Note that the applicability of the original FCM was not clear in the calculation by Xu et al. [9] . The results were found to be in poor agreement with the experimental results, even for small Reynolds numbers. Even if the Reynolds number was about 1 or less, the difference was about 50%. Therefore, we proposed several corrections to the original FCM.
Correction of FCM for a No-Slip Bubble
First, the equation of i U in FCM (Equation (7)) was changed for a no-slip Open Journal of Fluid Dynamics 
where ( )
, and i u  is the fluid velocity though which the bubble travels. The system of Equations (1), (2), (3), (6) , and (12) instead of Equation (7) will be called the renormalized FCM (RFCM) henceforth in this paper.
Correction of FCM in FMT
Next, the reaction of a no-slip bubble to the fluid was considered in terms of the drag force instead of the acceleration term, d d 
Therefore, Re ∞ is obtained by solving the following equation. 
Note that Re ∞ is uniquely determined if R is specified.
The drag coefficient of a spherical slip bubble, 
Then, the reaction from a slip bubble to the fluid was considered in terms of the drag force instead of the acceleration term d d 
where Re ∞ is obtained by solving the following equation. Re
Now, Re ∞ is uniquely determined if R is specified. The system of Equations (1), (2), (3), (7), and (13) instead of Equation (6) will be called the modified FCM-n (MFCM-n) for a no-slip bubble henceforth in this paper, while the system of Equations (1), (2), (3), (7), and (17) instead of Equation (6) 
Numerical Scheme
The calculation domain of the present study was a cube, the length of each side of which was 0.06 m, as shown in Figure 1 . Note that the gravitational acceleration is in the negative z-direction. In the numerical calculation, the Fourier transform was used in the x-direction with the collocation method, where the The test section used in the experiment by Takemura et al. [10] [13] had dimensions of 0.5 m in the x-direction and 0.06 m in both the y-and z-directions.
The numerical calculation of the present study, on the other hand, has been performed at a smaller length of x in order to reduce the calculation load. In spite of this, it was possible to compare the experimental data and the results of Figure 2 shows comparisons of the test sections in the y-z plane and of the position of the bubble in the experiment performed by Takemura et al. [10] [13] and in the present numerical study. In this study, the gravitational acceleration was 9.81 m/s 2 and the kinematic viscosity, ν , and the bubble radius, R, were taken to be equal to be the experimental conditions. L shows the distance from the bubble center to the nearest vertical wall.
Because of the periodic boundary condition in the x-direction of the present study, a pressure gradient opposite to the gravitational acceleration was needed In order to solve the pressure equation, the bi-conjugate gradient stabilization method (Bi-CGSTAB) was used.
Results of the Numerical Calculation and Comparison with the Experimental Results
In order to study the applicability of the proposed formulas, RFCM, MFCM-n, and MFCM-s, comparison with the experimental data for the trajectory of a rising bubble by Takemura et al. [10] [11] [13] was performed.
Experimental Results for Rising No-Slip and Slip Bubbles
Here, an outline of the experimental study by Takemura et al. [10] [11] [13] is given. Takemura et al. obtained the lift force by observing the motion of a bubble, but the horizontal (z-direction) velocity data was not given in the paper. In this study, thus, the lift force was calculated from the motion of the bubble and analyzed the force acting upon bubbles moving parallel to the wall under the assumption of the Oseen approximation when a wall exists in the infinite fluid. They modified the formula for the lift force obtained by Vasseur and Cox [12] considering the motion in the oblique direction to the wall. They obtained D n I − and D s I − , the inverse Fourier transform of the horizontal (z-direction) component of the drag force on no-slip and slip bubbles, as in Equations (21) and (22), respectively:
where 1 U is the bubble velocity in the vertical direction (x-direction) and 3 U is that in the horizontal direction (z-direction), χ is defined by the following equations.
where i denotes an imaginary unit. Takemura et al. [10] [11] [13] assumed the following approximate horizontal force balance, using the drag force equation of [18] for a no-slip bubble and that for a slip bubble [19] . 
and
Because the data for L n I − or L s I − were given by Takemura et al. [10] Figure 3 shows the calculated trajectory of a no-slip bubble rising near the wall, starting from the position (0, 0, 0.03 − 2R) at zero initial velocity for 0.1 Re ∞ = , 0.5, 1, and 5. In Figure 3 , the bubble for 0.1 Re ∞ = is shown to rise almost vertically, but for 0.5 Re ∞ ≥
, it rises in a direction that gradually moves away from the wall. This indicates that, for larger Re ∞ , a relatively stronger lift force acts on the bubble in the direction away from the wall due to the influence of the wall. Although it is not shown here, it was found that a bubble finally rises in the vertical direction for all values of Re ∞ if the simulation is performed over a sufficiently long time. The lift force due to the influence of the wall decreases as the bubble moves farther away.
Comparison with the Experimental Data of a No-Slip Bubble for
Re∞ > 0.1 Figure 4 shows the value of L n I − as a function of
, 2.5, and 5. The black symbols indicate the experimental data of Takemura et al. [13] , and the color lines are L n I − values obtained by Equation . In the experiment of Takemura et al. [13] , the bubble surface becomes like a solid sphere by adding surfactant. Therefore, it is considered that incomplete formation of a solid-like surface may cause the discrepancy between the experiment and the present theory. Note that the difference between the experiment and the present theory is less than 5% for other Reynolds numbers, and it is concluded that RFCM is applicable for calculating multiphase flow with water and a no-slip bubble.
Results by MFCM-N and Comparison with the Results by RFCM and the Experimental Data for a No-Slip
Bubble at Re∞ = 17.7
In order to study the applicability of MFCM-n to the no-slip bubble motion, the calculation results by MFCM-n were compared with those by RFCM and the experimental data of Takemura et al. [13] for the case of 17.7 Re ∞ = . Figure 6 shows the trajectories of a no-slip bubble rising near the wall starting from the position (0, 0, 0.03 − 2R) at zero initial velocity for 17.7 Re ∞ = , as obtained by RFCM (a purple line) and MFCM-n (a red broken line). Both results are found to be very close. Figure 7 shows L n I − , the lift force acting on the bubble, as obtained by RFCM, MFCM-n, and the experiment for 17.7 Re ∞ = . It is found that 
Results by MFCM-S and Comparison with the Experimental Data for a Slip Bubble
Although RFCM was applied to predicting the trajectory of a no-slip bubble, it proved to be inapplicable to a slip bubble. Even if the Reynolds number was about 1 or less, the difference was about by 50%. Because the boundary conditions for no-slip and slip bubbles are different, the drag force is larger for a Open Journal of Fluid Dynamics 
Conclusions
Three new methods for simulating multiphase flow consisting of water and air bubbles were proposed based on FCM in order to trace the trajectories of a spherical bubble with a slip or no-slip surface rising near the wall in the quiescent fluid. The calculation results were compared with the experimental data by Takemura et al. [10] [11] [13] over the Reynolds number from 0.9 to 17.7.
The first method is called RFCM, where the induced bubble velocity was renormalized according to the formula of the drag force for a no-slip bubble according to [18] . This method was successfully applied to trace the trajectory of a bubble and gave the values of the lift force on a no-slip bubble for In the present paper, it is found that the three newly proposed methods can correctly trace the trajectory of a bubble near a vertical wall for relatively large
Reynolds numbers, regardless of whether the bubble has a slip or no-slip surface.
In future study, we investigate the effects of the value of the Gaussian distribution's width, σ , in FMT and the modification of ( ) n ij G in FDT and develop simulation methods to deal with the fluid which includes many bubbles.
